Formulas for the optimal design of single-degree-of-freedom (SDOF) tuned-mass dampers (or dynamic vibration absorbers) for SDOF structures under random and harmonic excitations have been available for many years. Whenever an absorber body is attached to a primary system, there is potential for utilization of motion in more than one degree of freedom of the body relative to the primary system. In this paper, we propose that more than one mode of vibration of a body relative to a primary structure be tuned to one natural frequency of a primary system. We cast the problem of optimizing the multidegree-of-freedom connection between the absorber body and primary structure as a decentralized control problem, and develop optimization algorithms based on the H2 and H ∞ norms to minimize the response to random and harmonic excitations, respectively. We perform a detailed study of the two-degree-of-freedom absorber and provide charts of optimal parameters ready for use in design. We show that 2DOF * draft for 2003 ASME Design Engineering Technical Conferences 1 absorber can attain better performance than the traditional SDOF absorber, even for the case that the rotational inertia of 2DOF absorber tends to zero. With properly selected location of connection, 2DOF absorber can achieve better vibration suppression than two separate absorbers with optimized mass distribution.
Introduction
The design of a single-degree-of-freedom (SDOF) tuned-mass damper (TMD), or dynamic vibration absorber (DVA), to attenuate vibration of a single mode of a primary system under various conditions has been studied extensively in the past (e.g., [1, 2, 3, 4, 5] ). To enhance the effectiveness and robustness of TMD systems, multiple SDOF TMDs with frequencies tuned in the neighborhood of a mode of a primary system have been proposed by Xu and Igusa [6] and optimized by Zuo and Nayfeh [7] . Multiple SDOF TMDs have been used to damp more than one mode of a primary system by tuning a TMD to each mode of interest in the primary system [8, 9] .
Whenever an absorber is attached to a primary system, there is potential for utilization of motion in more than one degree of freedom of the absorber body relative to the primary system. Dahlbe [10] numerically optimized a continuous two-segment cantilever beam for suppression of SDOF vibration, and found the two-segment beam to be more effective than a SDOF TMD of the same mass. Recently, Zuo and Nayfeh [11, 12] and Verdirame and Nayfeh [13] have optimized the stiffness and damping in multi-degree-offreedom (MDOF) connections between a rigid body and primary structure to damp as many as six modes of a structure. In these studies, one mode of vibration of the body relative to the structure is tuned to each mode of interest in the primary system.
In this paper, we propose that more than one mode of vibration of a body relative to a primary structure be tuned to one natural frequency of a primary system. Such an absorber is often easier to construct than an SDOF TMD or multiple SDOF TMDs because of the reduced need for guidance, and can achieve enhanced performance. We cast the design of MDOF TMD systems as decentralized optimal control problems with static output feedback, where the feedback gain is a block diagonal matrix composed of the stiffness and damping parameters to be optimized.
Gradient-based H2 optimization is adapted to minimize the response to random excitation. For the 2DOF TMD, the optimal parameters are obtained and presented in dimensionless form to be useful for design. We find that the performance attainable by the 2DOF TMD depends on the ratio of radius of gyration to the distance from the springs and dampers to the center of mass of the absorber, and not on the rotational inertia. With properly chosen locations for the springs and dampers, the 2DOF TMD can achieve better vibration suppression than two separate TMDs with optimized mass distribution. We then propose an algorithm for minimization of the steady harmonic response under sinusoidal disturbance based on decentralized H ∞ optimization, and find that the 2DOF TMD again offers performance better than the conventional SDOF TMDs.
2 Problem Formulation Figure 1 shows the configuration of a MDOF TMD attached to a SDOF primary system. (We take the 2DOF TMD as example, and the general multi-DOF TMD can be handled similarly.) The primary system has natural frequency ω s = k s /m s and damping ratio ζ s = c s /2 √ k s m s and is subject to the base excitation x 0 , external force f , or both. The reaction mass has two planar degrees of freedom, translation and rotation. Its mass is m d and its rotational inertia about its center of mass is
, where ρ is its radius of gyration. The reaction mass is connected to the primary system at distances d 1 and d 2 from its center of mass via springs and dashpots. Our goal is to design the parameters k 1 , c 1 , k 2 , and c 2 as well as the locations of the connections d 1 and d 2 , in order to minimize the response of the primary system. We consider first the case where
By taking the springs and dashpots as elements which feed back locally the relative displacements and velocities, Zuo and Nayfeh [14] have cast the optimization of a wide class of mechanical systems as zeroth-order decentralized control problems. In this way, the role of the spring and dashpot pairs are replaced by the control-force vector [u 1 , u 2 ] , where the prime denotes the matrix transpose, as shown in Figure 2 . The control forces in this case are given by where x 1 and x 2 are the displacements of the absorber in the direction of x s at the connection locations. The equations governing small vibration of the coupled system take the form
Noting that
, we write the above governing equations in matrix form as
or
where 
we can write the governing equations in first-order form aṡ
where w = [d, p 0 ] and
The cost output can be taken as the absolute or relative displacement, velocity, or acceleration of the primary system, which can be expressed in the form To complete the state-space description, we rewrite the "control force" given by Eqs. (1) and (2) as a static feedback gain F d multiplied by the "measurement output" y. That is,
where y is given by
The form of C 2 follows from the definition of the state given by Eq. (8) and
Equations (9)- (15) cast the the design of the MDOF TMD system as a decentralized control problem, as indicated by the block diagram shown in Fig. 3 . Based on this formulation, we use decentralized control techniques to directly optimize the the stiffness and damping coefficients of the springs and dampers to achieve performance (measured by z) under the disturbance of w. Decentralized H2 optimization minimizes the output variance under random excitation, and decentralized H ∞ optimization minimizes the peak magnitude in frequency domain under harmonic excitation [14] . In the following section, we will briefly review our method for decentralized H2 optimization, and then present the results of optimization of a 2DOF TMD under random excitation in Section 4. In Section 5, an algorithm for decentralized H ∞ optimization is proposed along with some results for the 2DOF TMD under harmonic excitation.
Review of Decentralized H2 Optimization
The system H2 norm is defined as the energy of the system impulse response:
(17) Another interpretation of system H2 norm is the asymptotic value of output variance under unit white noise input.
That is, if E[w(t)] = 0 and
where σ zz is the RMS values of z. Therefore, minimization of H2 norm minimizes the RMS response of the output z(t) under wide-band random excitation w(t). Based on the definition given by Eq. (17), it can be shown that the H2 norm of an LTI system can be evaluated by solving a Lyapunov equation [15] , as summarized in the following: The H2 norm of LTI system from w → z given byẋ
where K is a symmetric matrix (known as the observability Grammian) which is the solution of the Lyapunov equation
Under the decentralized feedback u = F d y, the closed-loop w → z of the system shown in Fig. 3 is given by
To obtain a finite H2 norm,
Then the decentralized H2 optimal control problem becomes
subject to
where F d is in the given block-diagonal form. In practice, we require that the parameters be nonnegative. So we replace F d by F d F d , where the symbol " " denotes multiplication entry by entry.
Employing the Lagrange multiplier method [16] , we obtain the gradient of the H2 norm with respect to F d (where
where the observability Grammian K and Lagrange multiplier matrix L can be obtained by solving the two decoupled Lyapunov matrix equations with a given matrix F d :
We can therefore adapt a gradient-based optimization method, such as the FBGS quasi-Newton method [17] , to solve for the matrix F d numerically and then obtain the stiffness and damping parameters from controller gain
where k and c are the optimal stiffness and damping of an SDOF TMD (of the same mass ratio) obtained from the analytical tuning formulas developed by Den Hartog [1] or Asani et al [5] .
The H2 Optimal 2DOF TMD
Using gradient-based decentralized H2 optimization, we obtain the optimal parameters of k 1 , k 2 , c 1 and c 2 as a function of the the ratio ρ/d. As in the case of the SDOF absorber [5] , the optimal H2 norm is proportional to the square-root of the natural frequency ω s of the primary system, we normalize the H2 norm by ω 1/2 s in the figures that follow. In the following, we give a comprehensive study of the 2DOF TMD, taking the excitation as the base motion x 0 and the the performance index as the RMS value of the displacement x s .
Effect of ρ/d
From Eq. 2, we see that the performance the TMD system does not depend on the rotational inertia I d . Rather, it depends on the ratio ρ/d of the radius of gyration to the distance from the mount points to the center of mass of the absorber. Figure 4 shows the normalized optimal H2 norm as a function of ρ/d for µ = 5% and ζ s = 0.
On this plot, ρ/d = ∞ (or d = 0) corresponds to the optimal SDOF TMD, which optimally attains H 2 = 2.108 ω Figure 4 also shows that the optimal H2 norm at ρ/d = 0 is smaller than that of a SDOF TMD (ρ/d = ∞), indicating that a 2DOF TMD without rotary inertia can achieve better vibration suppression than the SDOF TMD. This can be explained by comparison of the the impedance of the TMD system (i.e., transfer function fromẋ s to the total force u 1 + u 2 ) of the 2DOF TMD system with no rotary inertia as sketched in Fig. 7(a) to that of the SDOF TMD sketched in Fig. 7(b) . The latter is given by a second-order transfer function, whereas the former is given by a third-order transfer function, which (when optimized) accounts for the improvement in performance. 
Comparison to Two TMDs with Optimal Mass Distribution
As mentioned previously, the performance of the optimal 2DOF TMD exceeds that of two separate TMDs with equal masses and optimal springs and dampers. The authors [7] have also obtained the optimal H2 norm of two SDOF TMDs with unequal masses as plotted in Fig. 8 s , which is only 0.02% less than that of two SDOF TMDs with equal masses, and is larger than the H2 norm of the 2DOF TMD with optimal ρ/d. Hence we conclude that the performance of the 2DOF TMD generally exceeds that of two separate SDOF TMDs, even if the mass is distributed optimally among them. parameters of stiffness and damping using the algorithm of Section 3, which guarantees that k i ≥ and c i ≥ 0 and list as the first entry in Table 1 the optimal parameters, poles of the coupled absorber and primary system, and poles of the absorber mounted to ground. With the parameters constrained to be nonnegative, we see that for this values of ρ/d, one of the modes of the absorber is tuned close to ω s , but the other is over damped. The Bode plot of x s (s)/x 0 (s) is shown as a dashed line in Fig. 9 .
Negative damping
If we modify the algorithm to allow negative stiffness and damping, we obtain the case shown as the second entry of Table 1 and indicated by the solid line in Fig. 9 . From Table 1 , we see that although there is a negative damper in the system, the coupled absorber and primary system are stable. Moreover, the performance of this system is significantly better than that of the system with the dampers constrained to be nonnegative. Such a design could readily be implemented in an active absorber, though there would be potential for instabilities in the presence of modeling uncertainties. For the remainder of this paper, we restrict our attention to the case where the parameters are constrained to be positive.
It may be suggested that a different configuration of springs and dampers could attain the same performance without resort to negative dampers. For this particular example, it can be shown algebraically that it is not possible to find positive values of k 1 , k 2 , c 1 and c 2 that yield the same dynamics, even if their locations are allowed to vary independently. However, it may be possible to obtain improved performance by considering a somewhat more general configuration (e.g., including torsional springs and dampers); we plan to include a systematic study of the benefits attainable by such configurations in the final version of the paper. 
Optimal parameters
The optimal normalized modal frequencies ω 1 /ω s and ω 2 /ω s , and modal damping ratios ζ 1 and ζ 2 of the TMD subsystem (attached to ground) for µ = 5% and ζ s = 0 are shown in Figure 10 as functions of ρ/d. As we have observed in the foregoing, for small ρ/d, we can only tune one of the natural frequencies of the TMD to ω s and the other mode is over damped.
To provide results more readily used for design, in Fig. 11 we give the optimal parameters in the form of dimensionless frequenciesω 1 /ω s andω 2 /ω s and damping factorsζ 1 andζ 2 from which the optimal stiffness and damping can be constructed according to
These are convenient dimensionless parameters, but they do not correspond to the resonant frequencies or damping ratios of the modes of the TMD subsystem.
We minimize the H2 norm of x s /x 0 as the mass ratio µ is varied. The achieved minimal H2 norms are shown in Fig. 12 and compared with those of the SDOF TMD and two separate TMDs. Figure 13 shows the optimal ρ/d versus µ. The corresponding optimal tuning of stiffness and damping for the Figures 12-14 can be used to design the optimal 2DOF TMD for a given mass ratio. Comparing the curves in Fig. 12 , we see that a 2DOF TMD whose mass is 5% of that of the primary system provides the same performance as a SDOF absorber whose mass is 6% of that of the primary system.
Asymmetric Connection Locations
Thus far, we have maintained the symmetry of the locations of the connections between the TMD and primary system by holding d 1 = d 2 = d. In this subsection, we relax this constraint and examine the H2 optimal 2DOF TMD allowing Table 2 and compared with those of the optimal symmetric case. The corresponding frequency responses are compared in Fig. 16 . 
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Decentralized H ∞ Design
In Section 3 we have introduced decentralized H2 optimization, and in Section 4 we have discussed the optimal H2 design of 2DOF TMD for random excitation. If the excitation is harmonic, we should use the H ∞ norm as our objective function in order to minimize the steady magnitude response under worst-case sinusoidal excitation. For the SDOF TMD attached to an SDOF or multi-DOF primary system, the efficient algorithms for centralized static output feedback proposed by El Ghaoui et al [18] or by Geromel et al [19] can be used. But optimization of an MDOF TMD is equivalent to decentralized H ∞ optimal control with static output feedback.
Decentralized H ∞ optimization has been investigated by many researchers in the controls community, and various techniques such as alternative linear matrix inequalities (LMI) [20] , homotopy [21, 14] , and LMI iteration [22] have been proposed. But none of the algorithms can be guaranteed to converge to a local optimum or a stationary point. Our experience is that these methods generate sequences that decrease quickly when the controller gain is far from the optimum, but become very inefficient when the sequences come close the optimum. In the engineering application of structural optimization, a commonly used frequency-domain optimization method is based on the evaluation of a transfer function at discrete frequencies (e.g., [23, 10] ). To capture the maximal magnitude response, the frequencies have to be closely spaced and hence the method is computationally inefficient.
We therefore develop a method with better efficiency for minimization of the frequency response. It is based on these two points: (1) The peak of the frequency response, or the H ∞ norm, can be computed very efficiently using γ-iteration (see the text [15] or the Matlab function normhinf in the Robust Control Toolbox ). (2) Finite differences can be used to approximate the gradient, and the computational efficiency should be much better then direct search if the objective function is easy to evaluate. For this approach to be effective, we must employ a tight tolerance when evaluating the H ∞ norm. The algorithm is summarized as follows:
Step 1 Choose an initial value of
(To ensure that we obtain nonnegative parameters, we take controller gain as
Step Step 3 Based on the gradient ∆J ∞ /∆F d , calculate a search direction D F (e.g., the FBGS quasi-Newton direction [17] ). Choose a proper step size α using the Armijo rule, or any other rule [17] . Update
Using this algorithm, we minimize H ∞ norm of the 2DOF TMD system to obtain the optimal stiffness and damping parameters for harmonic excitation. Figure 17 shows the minimal frequency peak attained for µ = 5%, ζ s = 0, for various ρ/d. The tendency is similar to that seen in H2 optimal design (as shown in Fig. 4) . The optimal ρ/d is 0.751 for H ∞ optimal design with µ = 5%, which is close to the optimum of 0.780 for H2 optimal design with µ = 5%. The two sharp corners are again the result of the constraint that the parameters be nonnegative. As in the case of the H2 optimal design, the frequency peak of the 2DOF TMD at ρ/d = 0 is smaller than that of the SDOF TMD (corresponding to ρ/d = ∞). The frequency responses of the optimal 2DOF TMD, SDOF TMD, and two SDOF TMDs are compared in . It is seen that the 2DOF TMD attains much better performance than either the SDOF TMD or two SDOF TMDs. The optimal H ∞ performance and parameters for different mass ratios (or configurations) can be similarly obtained using the algorithm proposed in the foregoing.
Conclusions and Future Work
In this paper, we propose the use of a MDOF TMD for one mode of primary system and show that, for a given mass, a 2DOF TMD performs better than a traditional SDOF TMD or two separate TMDs. We cast the parameter optimization of MDOF TMD systems as a decentralized control problem, where the block-diagonal controller gain is composed of the stiffness and damping parameters of the connections between the absorber and primary system. Based on this formulation, we adapt decentralized H2 and H ∞ optimization techniques to optimize the system response under random and harmonic excitation, respectively.
First, we employ gradient-based decentralized H2 optimization to minimize the (RMS) response under random excitation, and provide a comprehensive study of the performance of a 2DOF TMD attached to a SDOF primary system. Design charts for passive TMD implementation (in which all of the springs and dampers are required to be positive) are provided. We then discuss the case where one of the dampers is allowed to be negative, and find that the performance is considerably improved.
We propose an algorithm for decentralized H ∞ optimization to minimize the peak of the frequency response under harmonic excitation. The maximal response is obtained using γ-iteration and finite differences are used to efficiently approximate its gradient with respect to the design parameters. We then optimize the 2DOF absorber and find that its frequency-domain performance is again better than that of the SDOF absorber or two SDOF absorbers.
In the final work, we plan to provide a more complete discussion of the physics of 2DOF TMDs with more general configurations than considered thus far, and to present the results of experiments in which the passive and active MDOF TMDs are constructed. We will also provide some examples of 3DOF TMDs, which offer further enhanced performance because an additional mode can be tuned in the neighborhood of the resonance.
